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Abstract
A pedagogicalintroductionto the problemof unfolding probability distribu-
tionsin particlephysicsis given.Severalof themostcommonlyusedmethods
arereviewedandcompared.

1 INTRODUCTION

In thispapertheproblemof estimatingprobabilitydistributionsis reviewedin caseswherenoparametric
form is available,andwherethedataaresubjectto additionalrandomfluctuationsdueto limited reso-
lution. In High Energy Physicsthis estimationprocedureis usuallycalledunfolding, althoughthesame
mathematicscanbefoundunderthegeneralheadingof inverseproblems, andis alsocalleddeconvolu-
tion or unsmearing. Thepresentationhereis basedmainly on Ref. [1]. Relatedmethodsaretreatedin
greaterdetailby V. Blobel elsewherein theseproceedings[2]. Furtherdiscussionsof unfoldingin High
Energy Physicscanbefoundin [3, 4, 5, 6].

In Section2 themathematicalproblemis formulatedandnotationdefined.Alternativesto unfold-
ing areconsideredin Section3. Unfoldingby inversionof theresponsematrix is discussedin Section4,
andasimplemethodbasedoncorrectionfactorsis shown in Section5. Themaintopicof thispaper, reg-
ularizedunfolding,is describedin Section6. This includesa survey of severalregularizationfunctions,
andmethodsfor estimatingthevarianceandbiasof thesolution. An iterative methodby D’Agostini is
consideredin Section7, andfurtherexamplesareshown in Section8.

2 THE MATHEMATICAL PROBLEM

Supposewewish to determinetheprobabilitydensityfunction(pdf)
�������

of arandomvariable
�

usinga
sampleof data

���
	
�
�
��	���
. If a parametricform for thepdf is known, i.e.,

�����������
where

�
is a vectorof

parameters,thenstandardtechniquessuchasthemethodof maximumlikelihoodcanbeusedto obtain
estimators�� .

If no parametrizationis available,we cansimply constructa histogramof
�

with � bins. The
value ��� representstheexpectationvalueof thenumberof entriesin bin � of thehistogram.This is often
referredto looselyasthe‘true histogram’.Thesumis denotedby ������� �"! � � � , andtheprobabilityfor�

to befoundin bin � is thus#$�%�&���(')� ����� .
The goal of unfolding asformulatedhereis to constructestimatorsfor the � parameters*+�� � � 	
�
�
��	 �%, � , or alternatively for theprobabilities- . Thenon-trivial aspectof thisproblemariseswhen

themeasuredvaluesof
�

aresubjectto furtherrandomfluctuationsbecauseof measurementerrors.That
is, eachobservation is characterizedby a true(andunknown) value

�
andby a measuredvalue . . The

pdfsfor . and
�

arerelatedby aconvolution,�0/�132�45� . � � 687 � .:9 �;��� ��<�= 1)���;�?>@�A	 (1)

where
7 � .�9 ��� is the responsefunction. Herewe will assumethat this dependsonly on the measuring

apparatusandis known. Whenweconsidertheusualcasewherethepdfsof . and
�

arebothrepresented
ashistograms,equation(1) becomesB � � ,CD5E � 7 � D � D 	 �:�GF 	
�
�
�)	IHJ	

(2)
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where *J� � *LK 	
�
�
��	 * M � givesthe expectationvaluesfor the histogramof
�

and N8� � N�K 	
�
�
�)	 N$O �
givestheexpectednumberof eventsin binsof theobserved variable . . Theactualdataaregiven asa
vectorof numbersPQ� ��R:�
	
�
�
�S	R%TU�

. Theserepresenttheactual(integer)numberof entriesobservedin
thehistogram,whichof coursediffer in generalfrom the(non-integer)expectationvaluesN .

Theresponsematrix
7

hasthesimpleinterpretationasaconditionalprobability:7 � D �WV � observedin bin ��9 truevaluein bin X � � (3)

By summing
7 � D over all possiblebinsof theobservedvalue � , oneobtainsTC � E � 7 � D �YV � observedanywhere9 truevaluein bin X � �YZ D � (4)

Thisgivestheefficiency, Z D , whichdependsin generalon thebin X of thetruehistogram.A summaryof
theingredientssofar is illustratedin Figs.1.

(a) (b) (c)

Fig. 1: Illustrationof ingredientsfor unfolding: (a)a ‘true histogram’[ , (b) apossiblesetof efficiencies\ , and(c) theobserved
histogram] (dashed)andthecorrespondingexpectationvalueŝ (solid).

In general,equation(2) mustbe modifiedto includetheexpectednumberof backgroundevents
in bin � , _ � . Thedata P , thecorrespondingexpectationvaluesN , theresponsematrix

7
, theexpectation

valuesfor thetruehistogram* , andtheexpectednumberof backgroundevents̀ arefinally relatedbyacb P%d��&Ne� 7 *efg` � (5)

3 WHY UNFOLD?

Before proceedingit shouldbe emphasizedthat in many problemsit is not necessaryto unfold the
measureddistribution, in particularif thegoalis to comparetheresultwith thepredictionof anexisting
theory. In thatcaseonecansimplymodify theprediction* to includethedistortionsof thedetector, and
this canbedirectly comparedwith themeasurement.That is, onefinds N andcomparesthis to thedataP . This procedureis considerablysimplerthanunfolding the measurementandcomparingit with the
original (unmodified)theory.

Withoutunfolding,however, themeasurementcannotbecomparedwith theresultsof otherexper-
iments,for whichtheresponsematrixwill in generalbedifferent.It canalsohappenthatanew theoryis
developedmany yearsafterameasurementhasbeencarriedout,andtheresponsematrixmayno longer
beavailable.If aparticularlyimportantmeasureddistribution is to retainits value,thenboththedataand
theresponsematrix shouldbepreserved.Unfortunately, this is oftenimpractical.
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By unfolding,i.e.,constructingestimators�* , oneobtainsaresultwhichcandirectlybecompared
with thoseof other experimentsas well as with theoreticalpredictions. Other reasonsfor unfolding
exist in applicationssuchasimagereconstruction,wherecertainfeaturesmaynotberecognizablein the
uncorrecteddistribution. In this paperwe will assumethat theseargumentshave beenconsideredand
thatthedecisionhasbeenmadeto unfold.

4 INVERTING THE RESPONSE MATRIX

Supposetheresponsematrix canbeinverted(generallypossiblein practice)sowe canwrite*h� 7ji�� � NlkQ` �m	 (6)

andsupposefurtherthatthecomponentsof thedatavector P areindependentandPoissondistributed,V ��R � � B � � � B �on�R �qp
r i$sn � (7)

It is thensimpleto show thatthemaximumlikelihood(ML) estimatorsfor N are P , andthuswecantake
asestimatorsfor * , �*h� 7 i�� � Ptku` � � (8)

If theoff-diagonalelementsof the responsematrix aretoo large, i.e., if thebin sizeis too small
comparedto themeasurementresolution,thentheML estimators�* from (8) have catastrophicallylarge
variancesandstrongnegativecorrelationsbetweenneighbouringbins.This is illustratedin theFig. 2 (in
thisexampletheefficienciesaretakento beunity).

(a) (b) (c)

Fig. 2: Attempt to unfold usingmatrix inversion: (a) the ‘true histogram’,(b) theobserved histogram] (dashed)andcorre-
spondingexpectationvalueŝ (solid), (c) theestimatorsv[ basedon equation(8).

The reasonfor the large fluctuationscanbe understoodqualitatively by consideringwhatwould
happenif thetruedistribution * reallydid have ahigh degreeof finestructure,asin Fig. 3(a).Applying
theresponsematrix to obtaintheexpectationvaluesfor theobserved histogram,N , maywashout most
of thestructurealthoughsomeremnantsof thepeaksremain,asshown in Fig. 3(b).

Whenweapply
7 i��

to theexpectationvaluesN wegetbackto * . But of coursewedonothave N
whenwe make a measurement,we only have thedata P . TheactualdatahistogramP doesindeedhave
smallbumpsfrom statisticalfluctuationswhich, asfar asapplying

7 i��
is concerned,producethesame

effect asif they weretheresidualeffect of someinitial fine structure.That is, theestimators�* from (8)
wind upwith largeoscillationsbetweenneighbouringbins.
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(a) (b)

Fig. 3: (a) A truehistogram[ with a high degreeof fine structure.(b) Thecorrespondingexpectationvaluesfor theobserved
histogram,̂xwzy{[ , with mostof thestructurewashedout.

Beforediscardingthe ML estimators(8) asuselessit is interestingto notethat they are in fact
unbiased,since acb �*md�� 7ji�� � acb P%d|kQ` � �W* � (9)

Furthermoretheir covarianceis} � D � cov
b�~��� 	 ~� D d�� TC�)� � E � � 7 i�� � � � � 7 i�� � D � cov

b R � 	R � d�� TC� E � � 7 i�� � � � � 7 i�� � D � B � 	 (10)

sincecov
b R � 	R � d���� ��� B � for the casewherethe

R � areindependentPoissonvariables.The minimum
varianceboundfor thepresentcaseof zerobias,� } i�� � ��� ��k a��
�$�������� � � � ��� � TC� E � 7 � � 7 � �B � 	

(11)

gives, however, exactly the samecovarianceas equation(10). That is, the estimatorsobtainedfrom
inverting the responsematrix have the smallestpossiblevarianceamongall unbiasedestimators,even
thoughthis variancewasseento behuge.Soany estimatorswe constructthat in someway reducethe
variancewill necessarilyhave a bias. Thestrategy we will follow is to accepta small bias(systematic
error)in exchangefor a largereductionin variance(statisticalerror).

5 CORRECTION FACTORS

A relatively simplemethodto constructestimatorswith muchsmallervariancesis basedon multiplica-
tive correctionfactorsderived from Monte Carlo simulations.The estimatorfor bin � of the unfolded
distribution is takento be ~� � �8� � ��R � kQ_ � �|	 (12)

wherethecorrectionfactor �m� is determinedby theratio�m�%� ������B ���� �
(13)
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Here B ���� and � ���� areobtainedfrom MonteCarlomodelsfor thesignalprocessonly, sincebackground
is subtractedseparately. Thecovariancematrix is} � D � cov

bq~��� 	 ~� D d���� �� cov
b R � 	R D d � (14)

Thusaslong asthecorrectionfactorsthemselvesareof orderunity, thevariancesof theestimatorsdo
notbecomemuchlargerthanwhatis dictatedby thePoissonstatisticsof thedata.

Thebiasof theestimators,� � � acb�~� � d$kQ� � , is foundto be������� ������B ���� k ���B 4����� � B 4����� 	
(15)

where B 4����� � B �¡k¢_;� . Thusthereis a nonzerobiasunlessthemodelis correct,which of courseis not
known to be true beforemaking the measurement.In fact the biasoften tendsto pull the estimators
towardsthepredictionsof theMonteCarlomodelusedfor thecorrectionfactors,whichmakesit partic-
ularly difficult to testthemodel. Suchtestsarebettercarriedout by a directcomparisonof thedata P
andthemodel’s predictedN . If correctionfactorsareused,anestimateof thebiasmustbe includedin
thesystematicuncertaintyof themeasurement,andthisshouldbetakeninto accountin any modeltests.

6 REGULARIZED UNFOLDING

We have seenthat the estimatorsbasedon inversionof the responsematrix canhave extremely large
variances.Theseestimatorsarewhat one obtainsfrom the methodsof maximumlikelihood or least
squares.Thelog-likelihoodquantifiesin somesensethe‘distance’betweenthedata P andthepredicted
expectationvalues N . (If usingthe methodof leastsquaresonetypically has £ � �¤kL¥ ����� .) We can
thenconsiderthe region of * -spacearoundthe ML solutionwherethe log-likelihood is within some
prespecified¦ �§��� of its maximum,i.e.,�§��� � * ��¨ �§��� /©2�ª k«¦ �§��� � (16)

Estimatorsfor * canthenbeconstructedby choosingthesmoothestsolutionoutof thisregion,according
to someappropriatemeasureof smoothness.

Onecaneasilyshow (e.g.,with a Lagrangemultiplier) that this approachis equivalentto maxi-
mizingnot thelog-likelihoodbut rather¬ � * � �W �§��� � * � fh® � * �|� (17)

Here ® � * � is the regularizationfunction, which representsthesmoothnessof thedistribution, and  is
the regularizationparameter, which canbechosento correspondto a given ¦ �§��� . Theregularization
parametercanequivalentlybetakento multiply ® ratherthan ����� , asis donein someotherreferences.

Onemaywishto insistthattheunfoldedsolutionprovideanunbiasedestimatefor thetotalnumber
of entries,i.e.,onewants ! � B ��� ! � R ��� R ����� . Thiscanbeachievedby maximizing¯ � * 	�°�� �W �§��� � * � f±® � * � f ° � R ����� k TC � E � B � � 	 (18)

where
°

is aLagrangemultiplier. Notethatthelasttermis effectively afunctionof * sinceNe� 7 *²f³`
alwaysholds.

252



To carryout this procedurewe thereforeneeda regularizationfunction, ® � * � , anda prescription
for determiningthe regularizationparameter . Thesewill determinethe biasandvarianceof the un-
folded distribution, which canbe estimatedby expandingthe estimatorsaboutthe estimatesobtained
from theactualdata(see[1]). Thisgivesestimatesfor thebias, ����� acbq~����d|kQ��� , of theform~���%� TCD5E � � ~���� R D � ~B D k R D �|	 (19)

where �Ne� 7 �*Qfg` . Recallthatin generalwedo nothave �Ne�WP .

6.1 Choosing the regularization parameter

The regularizationparameter determinesthe relative weight placedon the data(through �§��� ) com-
paredto thedegreeof smoothness(through® ). Taking Q�Y´ givesmaximallysmoothestimators,which
do not dependat all on thedata.They thereforehave zerovariance(!) but a clearbias. Taking  very
largegetsusbackto thehighly oscillatingML solutionwith zerobias.

Many possiblecriteriacanbeusedto definethetrade-off betweenbiasandvariance.For example,
onecouldchoose to minimizethemeansquarederroraveragedover thebinsof thehistogram,

MSE � F� ,C� E � � } �µ�Lf ~� �� �|� (20)

Alternatively onecouldarguethat thecontribution to themeansquarederrorshouldbedifferent
for different bins dependingon how accuratelythey are measured.Sincethe varianceof a Poisson
variablewith meanvalue ��� is equalto ��� , onecandefineaweightedMSE,

MSE¶;� F� ,C � E � } �µ��f ~� ��~��� 	
(21)

Onecould, for example,requirethat the estimatedbiassquared,
~� �� , be not larger than its own

estimatedvariance,·¸ �µ� , where,
¸ �µ�L� cov

b ~��� 	 ~����d . This canbe achieved by finding the valueof  for
which £ �¹ � ,C � E � ~� �� '?·¸ �µ� �º� �

(22)

Therationalebehindthisprescriptionis thatif onehadastatisticallysignificantbias,i.e.,with
~� ��¼» ·¸ �µ� ,

thenthis couldbesubtracted.But to obtainestimatorswith smallerbiasit is equivalentto go to a larger
valueof  .

Other criteria basedon the eigenvaluesof the responsematrix arediscussedin [2, 7]. Further
prescriptionsfor determiningtheregularizationparameterarediscussedin [1, 8].

6.2 The regularization function

The usermustdefinewhat constitutesa ‘smooth’ distribution by specifyinga regularizationfunction® � * � . Onepossibilityis to take themeansquareof thesecondderivative, which is clearlyrelatedto the
amountof curvature.Usingfinite differencesfor thederivatives,onehas® � * � �Gk , i �C � E � � k����;f½¥0���§¾ � kQ���§¾ � � � � (23)
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Functionsbasedon otherderivativesof thedistribution canalsobeused.This approachis oftencalled
Tikhonov regularization[9, 10]. It hasbeenimplementedin programswidely usedin High Energy
PhysicssuchasRUNby Blobel [2, 3, 11] andGURUby Höcker andKartvelishvili [7].

An alternative measureof smoothnessis basedon the entropy, which for a setof probabilities-Q� � # � 	
�
�
��	 #�, � is ¿ �Gk ,C� E � #$� �§� #$� � (24)

One can easily show that this is a maximumfor all # � equal(i.e., maximal smoothness)and it is a
minimum for one #$���ÀF andall the restzero. The entropy canbe usedasthe regularizationfunction® � * � by substituting#$�%�&���Á')� ����� in (24).

This approachis oftencalledthemethodof maximumentropy or MaxEnt,althoughof courseit
is a combinationof entropy andlog-likelihoodthatis maximized.It canbemotivatedthroughBayesian
statisticsby relatingtheentropy to theprior probabilityfor * . Somedrawbacksof thispointof view are
discussedin [1]. MaxEntestimationis oftenusedin astronomicalimageprocessing[12].

7 AN ITERATIVE METHOD

A differentapproachto unfolding is taken in the iterative methodproposedby D’Agostini [13], which
containselementsof Bayesianstatistics.Hereonestartswith asetof initial probabilities-e� � # � 	
�
�
�)	 #�, �
for anevent to befound in eachbin. In theabsenceof further informationonecantake #$�m�ÂFS'�� for
binsof equalsize.Initial estimatorsfor * are�* ÃL� R ����� -¡Ã 	 (25)

where
R �����©��! � R � is thetotalobservednumberof entries.Theseestimatorsareupdatedusingtherule~����� FZ�� TCD5E � V � truevaluein bin �59 foundin bin X ��R D � FZ�� TCD5E � � 7 � D # �! � 7 D � # � � R D � (26)

HereBayes’theoremhasbeenusedto write theconditionalprobabilitythattheeventoriginatedin bin �
giventhatit wasobservedin bin X in termsof theresponsematrix

7
andtheprior probabilities- .

Theupdatedestimatorscanthenbecomparedto thoseof theprevious iterationby, for example,
usinga £ � test.If the £ � is too large,theprocedurecanbeiteratedwith thenew prior probabilitiestaken
asthesolutionat thepreviousstep,i.e., -Q� �*�')� ����� . In practicethis is foundto convergeto areasonable
solutionin several iterations.

Onemustnot of coursesimply iterateuntil thesolutionlooksright andthenstop.Thenumberof
iterationsshouldbedecideduponbeforelooking at theactualdata,for exampleby usingMonteCarlo
testdata.Continuingto iteratebringsincreasinglylargevariancesandtheestimatorseventuallyapproach
theoscillatingsolutionfrom matrix inversion.

As the procedureusesBayes’ theoremin an intermediatestep it hasbeencalled a ‘Bayesian
method’. This shouldimply, however, that theestimatorssummarizein someway a joint posteriorpdf
for * , andonewould needto specifya joint prior for * aswell. That is, in Bayesianstatisticsone
relatesthejoint posteriorpdf for * giventhedataP , # � *Ä9 P � , to thelikelihood(probabilityof P giventhe
hypothesis* ) andtheprior probability Å � * � :# � *A9 P �©Æ � � P 9 * � Å � * ��� (27)
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Bayesianestimatorscould bedefinedas,for example,themodeof # � *Ä9 P � . This is not thecasein the
iterative method.The - above areinitial probabilitiesfor anevent to bein eachbin, i.e., they areinitial
guessesfor *�')������� ; they donot representaprobabilitydensityin * -space.As theBayesianaspectof the
procedureis confinedto particularstep,theterm‘iterative method’is moreappropriate.

8 SOME EXAMPLES

Figure4 shows theresultof unfoldingthetestdistribution consideredpreviously in Section4. Theleft-
handplotsshow thetruedistributionasasolidhistogramandtheestimatorsaspointswith errorbars.The
right-handplotsshow theestimatedbiasesfrom equation(19); notethesearenot simply the residuals.
In (a) theregularizationparameterwasdeterminedby finding theminimummeansquarederror, andin
(b) thecriterion £ �¹ �Ç� wasused.Note that in (a) someof thebiasesaresignificantlydifferentfrom
zero,whereasin (b) they areon averagewithin onestandarddeviation of zeroby construction.
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Fig. 4: UnfoldeddistributionsusingTikhonov regularizationshown aspointswith the truedistribution shown asa histogram
(left) andtheestimatedbiases(right). The regularizationparameterÍ wasdeterminedin (a) by theminimum meansquared
error, andin (b) using Î�ÏÐ wzÑ (seetext).

A particularfeatureof Tikhonov regularizationis that thesolutionis not forcedto bepositive. In
factin this exampletheright-mostbin hasa negative estimate.With theregularizationfunctionis based
on entropy, however, thesolutionis forcedto bepositive. This canbeseenin thecorrespondingsetof
plotsin Fig. 5.

Unfolding hasbeenwidely usedin high energy physicsfor structurefunctions,sincethereone
usuallywantsto combineresultsfrom differentexperimentsandlater to usethe structurefunctionsto
predictothercrosssections.Oneoftenperformsmany checkswith MonteCarlotestdatain orderto in-
vestigatehow theestimatorsfrom differentmethodswill differ andhow they dependontheregularization
parameter.

As anexample,Figure6(a)from theOPAL experiment[14] shows a testunfoldingof thephoton
structurefunction usingthe programsGURU[7], RUN[11] andthe iterative method(‘BAYES’ ) [13].
Althoughthethreemethodsagreereasonablywell, thespreadin theresultsis notnegligible. Figure6(b)
shows theunfoldedresultsfrom theprogramGURUcorrespondingto threedifferentvaluesof theregu-
larizationparameter(labelledby theeffective parameterNDF). Highervaluesof NDFcorrespondsto a
lessregularizedsolutionandthereforeto largervariance,ascanbeseenfrom thesizeof theerrorbars.

Much work on unfoldinghastakenplacein otherfields,whereit is usuallycalleddeconvolution.
Examplesof deconvolution for imagereconstructionfrom astronomy[12, 15], medicalimaging[16] and
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even for digital archiving of worksof art [17] arein somewaysmathematicallymorechallengingthan
thecorrespondingproblemsin particlephysics,sincethenumberof pixelsin animageis in generalmuch
greaterthanthenumberof binsin aone-dimensionaldistribution.

9 CONCLUSIONS

Unfolding is acomplicatedbusinessandoneis well advisedto askin eachproblemif it canbeavoided.
Thereareneverthelessmany problemswhereanunfoldeddistribution is needed.In choosingatechnique
onehasto find a trade-off betweenbiasandvariance,althoughthereis noclearwinnerfor how theopti-
mumshouldbeachieved. Simplicity is alsoa consideration,andin many applicationsa techniquesuch
asmultiplicative correctionfactorsmaybesufficient. Deconvolution techniqueshave beendevelopedin
many fieldsoutsideparticlephysics,particularlyin imagereconstruction.My glanceat thoseeffortshas
only beensufficient to convincemethatwe canlearnagreatdealfrom them.
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programs.(b) Theresultsusingdifferentvaluesfor theregularizationparameter.
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