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Abstract

A pedagogicalntroductionto the problemof unfolding probability distribu-
tionsin particlephysicsis given. Severalof themostcommonlyusedmethods
arereviewedandcompared.

1 INTRODUCTION

In this paperthe problemof estimatingprobabilitydistributionsis reviewedin casesvhereno parametric
form is available,andwherethe dataare subjectto additionalrandomfluctuationsdueto limited reso-
lution. In High Eneigy Physicsthis estimationprocedures usuallycalledunfolding althoughthe same
mathematiceanbe found underthe generaheadingof inverse problems andis alsocalleddecowolu-
tion or unsmearing The presentatiornereis basedmainly on Ref. [1]. Relatedmethodsaretreatedin
greaterdetail by V. Blobel elsavherein theseproceeding$2]. Furtherdiscussion®f unfoldingin High
Enegy Physicscanbefoundin [3, 4, 5, 6].

In Section2 themathematicaproblemis formulatedandnotationdefined.Alternatvesto unfold-
ing areconsideredn Section3. Unfolding by inversionof theresponsenatrix is discussedn Sectiord,
andasimplemethodbasedn correctionfactorsis shavn in Section5. Themaintopic of this paperreg-
ularizedunfolding,is describedn Section6. Thisincludesa suney of severalregularizationfunctions,
andmethoddor estimatingthe varianceandbiasof the solution. An iteratve methodby D’Agostini is
consideredn Section7, andfurtherexamplesareshavn in Section8.

2 THE MATHEMATICAL PROBLEM

Supposeave wish to determinethe probabilitydensityfunction (pdf) f(y) of arandomvariabley usinga
sampleof datayy, . . . , y,. If aparametridorm for the pdfis known, i.e., f(y; @) where@ is a vectorof
parametersthenstandardechniquesuchasthe methodof maximumlikelihood canbe usedto obtain
estimators.

If no parametrizations available,we cansimply constructa histogramof y with M bins. The
valuey; representshe expectationvalueof the numberof entriesin bin i of thehistogram.This s often
referredto looselyasthe ‘true histogram’. The sumis denotedy por = >-; pi, andthe probability for
y to befoundin bin ¢ is thusp; = p;/ ot -

The goal of unfolding asformulatedhereis to constructestimatorsfor the M parameterg =
(u1,---,pu), Or alternatvely for the probabilitiesp. Thenon-trivial aspecbf this problemariseswvhen
themeasuredaluesof ¢y aresubjectto furtherrandomfluctuationshecaus®f measuremergrrors.That
is, eachobsenationis characterizedby a true (andunknavn) valuey andby a measuredialuez. The
pdfsfor x andy arerelatedby a convolution,

fineas() = [ Rlaly) firse®) dy. ®

whereR(z|y) is the responsdunction. Herewe will assumehat this dependsnly on the measuring
apparatusindis knowvn. Whenwe considethe usualcasewherethe pdfsof z andy arebothrepresented
ashistogramsequation(1) becomes

M
VZ:ZR’L]N]a ZzlaaNa (2)
j=1
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wherey = (u1,.-.., um) givesthe expectationvaluesfor the histogramof y andv = (vq,...,vN)
givesthe expectednumberof eventsin bins of the obsered variablexz. The actualdataaregivenasa
vectorof numbersa = (n1,...,ny). Theserepresentheactual(integer) numberof entriesobseredin
the histogramwhich of coursediffer in generafrom the (non-inteyer) expectatiorvaluesv.

Theresponsenatrix R hasthe simpleinterpretatiorasa conditionalprobability:

R;; = P(obseredin bini | truevaluein bin j) . 3
By summingR;; over all possiblebinsof the obseredvaluei, oneobtains

N
ZRij = P(obseredarywhere| truevaluein bin j) = ¢; . 4)
i=1

This givestheefficiency ¢, which dependsn generalonthebin j of thetrue histogram A summaryof

theingredientssofaris illustratedin Figs. 1.
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Fig. 1: lllustrationof ingredientsfor unfolding: (a) a ‘true histogram’w, (b) apossiblesetof efficienciese, and(c) theobsered
histogramn (dashedpandthe correspondingxpectationvaluesr (solid).

In general equation(2) mustbe modifiedto include the expectednumberof backgroundevents
in bin4, 8;. Thedatan, the correspondingxpectationvaluesv, theresponsenatrix R, the expectation
valuesfor thetrue histogramu, andthe expectednumberof backgroundeventsg arefinally relatedby

En|=v=Ru+p4. (5)

3 WHY UNFOLD?

Before proceedingit should be emphasizedhat in mary problemsit is not necessaryto unfold the
measuredlistribution, in particularif thegoalis to compareheresultwith the predictionof anexisting
theory In thatcaseonecansimply modify the predictiony to includethedistortionsof thedetectorand
this canbedirectly comparedvith the measurementThatis, onefinds» andcompareshis to the data
n. This procedures considerablysimplerthanunfolding the measuremerdnd comparingit with the
original (unmodified)theory
Withoutunfolding, however, the measuremergannotbe comparedvith theresultsof otherexper

iments for whichtheresponsenatrix will in generabedifferent.It canalsohapperthatanew theoryis
developedmary yearsafterameasuremertiasbeencarriedout, andtheresponsenatrix may no longer
beavailable.If aparticularlyimportantmeasuredlistribution is to retainits value,thenboththedataand
theresponsenatrix shouldbe presered. Unfortunately thisis oftenimpractical.
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By unfolding,i.e., constructingestimatorgi, oneobtainsaresultwhich candirectly be compared
with thoseof other experimentsas well aswith theoreticalpredictions. Other reasondor unfolding
existin applicationssuchasimagereconstructionwherecertainfeaturesnaynotberecognizablen the
uncorrecteddistribution. In this paperwe will assumehattheseargumentshave beenconsiderecand
thatthe decisionhasbeenmadeto unfold.

4 INVERTING THE RESPONSE MATRIX
Supposeheresponsenatrix canbeinverted(generallypossiblein practice)sowe canwrite

p=R‘(v-p), (6)
andsupposdurtherthatthe component®f the datavectorn areindependenandPoissordistributed,

v
e Vi, @)

P(ni;vi) = 5
;!

It is thensimpleto shav thatthe maximumlikelihood(ML) estimatordor v aren, andthuswe cantake
asestimatordor u,

A=R'm-p). ®)

If the off-diagonalelementof the responsenatrix aretoo large, i.e., if the bin sizeis too small
comparedo the measuremenesolutionthenthe ML estimatorgi from (8) have catastrophicallyarge
variancesndstrongnegative correlationsbetweemeighbouringoins. Thisis illustratedin theFig. 2 (in
this examplethe efficienciesaretakento be unity).
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Fig. 2: Attemptto unfold using matrix inversion: (a) the ‘true histogram’,(b) the obsered histogramn (dashedjandcorre-
spondingexpectationvaluesy (solid), (c) the estimatorgi basedn equation(8).

Thereasonfor the large fluctuationscanbe understoodjualitatvely by consideringwhatwould
happenf thetruedistribution u really did have a high degreeof fine structure asin Fig. 3(a). Applying
the responsematrix to obtainthe expectationvaluesfor the obsered histogramy, may washout most
of the structurealthoughsomeremnantof the peaksremain,asshavn in Fig. 3(b).

Whenwe apply R~ to theexpectatiorvaluesv we getbackto u. But of coursewe donothave v
whenwe make a measurementye only have thedatan. The actualdatahistogramn doesindeedhave
small bumpsfrom statisticalfluctuationswhich, asfar asapplying R~! is concernedproducethe same
effect asif they weretheresidualeffect of someinitial fine structure.Thatis, the estimatorsi from (8)
wind up with large oscillationsbetweemeighbouringoins.
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Fig. 3: (a) A true histogramu with a high degreeof fine structure.(b) The correspondingxpectationvaluesfor the obsened
histogramyp = Ru, with mostof the structurewashecbut.

Before discardingthe ML estimatorg8) asuselesst is interestingto notethatthey arein fact
unbiasedsince

E[p] =R Y(En]—B) =p. 9)
Furthermoreheir covariances

N

N
Uiy = cov[ily, fij] = > (R (R 1) jicovng,ng] = > (R H)iw(R™) kv » (10)
k=1 k=1

sincecov[ng, n;] = oy for the casewherethe n; areindependenPoissornvariables. The minimum
varianceboundfor the presentaseof zerobias,

2 N
U =B [‘9 - ] =y Al (1)
Opr | = i
gives, however, exactly the samecovarianceas equation(10). Thatis, the estimatorsobtainedfrom
inverting the responsematrix have the smallestpossiblevarianceamongall unbiasedestimatorsgven
thoughthis variancewasseento be huge. Soary estimatorsve constructthatin someway reducethe
variancewill necessarihhave a bias. The stratgy we will follow is to accepta small bias(systematic

error)in exchangeor alargereductionin variance(statisticalerror).

5 CORRECTION FACTORS

A relatively simplemethodto constructestimatorsvith muchsmallervariancess basedon multiplica-
tive correctionfactorsderived from Monte Carlo simulations. The estimatorfor bin 7 of the unfolded
distribution is takento be

fii = Ci(ni — Bi) (12)
wherethe correctionfactorC; is determinedy theratio
_w'

MC °
v;

Ci (13)
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HerevM€ anduMC areobtainedrom Monte Carlomodelsfor thesignalprocesnly, sincebackground
is subtractedeparatelyThe covariancematrixis
Uij = CW[ﬂi,ﬂj] = CZ?CO\/[TLZ', nj] . (14)

Thusaslong asthe correctionfactorsthemseles are of orderunity, the variancef the estimatorsdo
notbecomemuchlargerthanwhatis dictatedby the Poissorstatisticsof the data.

Thebiasof theestimatorsh; = E[ji;] — p;, is foundto be

MC
_ [ M i sig
bi = (I/ZIZVIC - ysig> Vi ™, (15)

1

wherez/iSig = v; — ;. Thusthereis anonzerobiasunlessthe modelis correct,which of courseis not
known to be true beforemaking the measurementin fact the bias often tendsto pull the estimators
towardsthe predictionsof the Monte Carlomodelusedfor the correctionfactors,which makesit partic-
ularly difficult to testthe model. Suchtestsarebettercarriedout by a directcomparisorof the datan
andthe models predictedv. If correctionfactorsareused,an estimateof the biasmustbeincludedin
the systematiaincertaintyof the measuremengndthis shouldbetakeninto accountn ary modeltests.

6 REGULARIZED UNFOLDING

We have seenthat the estimatorsbasedon inversionof the responsamatrix can have extremely large
variances. Theseestimatorsare what one obtainsfrom the methodsof maximumlikelihood or least
squaresThelog-likelihoodquantifiesn somesensdhe ‘distance’betweerthedatan andthepredicted
expectationvaluesv. (If usingthe methodof leastsquaresonetypically hasy? = —21n L.) We can
then considerthe region of u-spacearoundthe ML solutionwherethe log-likelihood is within some
prespecified\ In L of its maximumi,i.e.,

InL(p) >InLpax — AlnL. (16)

Estimatordor . canthenbeconstructedyy choosinghesmoothessolutionout of thisregion,according
to someappropriataneasuref smoothness.

Onecaneasilyshav (e.g.,with a Lagrangemultiplier) that this approachs equvalentto maxi-
mizing notthelog-likelihoodbut rather

®(pu) = alnL(p) + S(p) . 17)

Here S(p) is theregularizationfunction which representshe smoothnessf the distribution, and« is
theregularizationparameter which canbe chosento correspondo a given A In L. Theregularization
parametecanequialently betakento multiply S ratherthanln L, asis donein someotherreferences.

Onemaywishto insistthattheunfoldedsolutionprovide anunbiasedstimatdor thetotalnumber
of entriesj.e.,onewants)_, v; = >, n; = not. Thiscanbeachievedby maximizing

¢(p, A) = alnL(p) + S(p) + A

N
Ntot — Z Vi] ’ (18)

=1

where) is aLagrangemultiplier. Notethatthelasttermis effectively afunctionof u sincev = Ru+ 3
alwaysholds.
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To carryout this procedurene thereforeneeda regularizationfunction, S(u), anda prescription
for determiningthe regularizationparameterx. Thesewill determinethe biasandvarianceof the un-
folded distribution, which canbe estimatedoy expandingthe estimatorsaboutthe estimatesobtained
from theactualdata(see[1]). Thisgivesestimatedor thebias,b; = E[fi;] — u;, of theform

Buz

wherer = Rji + 3. Recallthatin generalwe donothave & = n.

6.1 Choosing the regularization parameter

Theregularizationparametei: determineghe relatve weight placedon the data(throughln L) com-
paredto thedegreeof smoothnesghroughsS). Takinga: = 0 givesmaximallysmoothestimatorsyhich
do not dependat all on the data. They thereforehave zerovariance(!) but a clearbias. Taking . very
large getsus backto the highly oscillatingML solutionwith zerobias.

Marny possiblecriteriacanbe usedto definethetrade-of betweerbiasandvariance For example,
onecouldchoosex to minimizethe meansquarecerroraveragedover the binsof the histogram,

1 Y .
MSE = —- ;(Uii + b7). (20)
Alternatively onecould arguethatthe contrikution to the meansquarecerror shouldbe different
for differentbins dependingon how accuratelythey are measured. Sincethe varianceof a Poisson
variablewith meanvaluey; is equalto i;, onecandefineaweightedMSE,

1 L Uy + b2
MSE = — = 21

One could, for example, reqwrethatthe estlmatedmassquaredb be not larger thanits own
estimatedvariance Wu, where,W;; = co\/[bz, b] This canbe achieved by finding the value of o for
which

M ~ —~
_ S B/W = M. (22)
=1

Therationalebehindthis prescriptionis thatif onehadastatisticallysignificantbias,i.e., with BZ? > I//I\/u
thenthis couldbe subtractedBut to obtainestimatorsvith smallerbiasit is equivalentto goto alarger
valueof a.

Other criteria basedon the eigewvaluesof the responsamatrix are discussedn [2, 7]. Further
prescriptiondor determiningtheregularizationparametearediscussedn [1, 8].

6.2 Theregularization function

The usermustdefinewhat constitutesa ‘smooth’ distribution by specifyinga regularizationfunction
S(p). Onepossibilityis to take the meansquareof the secondderiative, whichis clearlyrelatedto the
amountof cunature.Usingfinite differencedor thedervatives,onehas

M—-2
S(w) == Y (—pi +2pi1 — pit2)”. (23)

=1
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Functionsbasedon otherderivatives of the distribution canalsobe used. This approachs oftencalled
Tikhonor regularization[9, 10]. It hasbeenimplementedin programswidely usedin High Enegy
PhysicssuchasRUNby Blobel [2, 3, 11] andGURUWy Hocker andKartvelishvili [7].

An alternatve measureof smoothnesss basedon the entrogy, which for a setof probabilities
p=(p1,---,pMm) IS

M
H:—Zpilnpi. (24)
=1

One can easily shaw that this is a maximumfor all p; equal(i.e., maximal smoothnessandit is a
minimum for onep; = 1 andall the restzero. The entrofy canbe usedasthe regularizationfunction
S(p) by substitutingp; = p; /ot in (24).

This approachs often calledthe methodof maximumentrogy or MaxEnt, althoughof courseit
is acombinationof entroy andlog-likelihoodthatis maximized.lt canbe motivatedthroughBayesian
statisticsby relatingthe entrofy to the prior probabilityfor u. Somedravbacksof this point of view are
discussedn [1]. MaxEntestimationis oftenusedin astronomicaimageprocessing12].

7 ANITERATIVEMETHOD

A differentapproachto unfoldingis takenin the iteratve methodproposedoy D’Agostini [13], which
containelement®f Bayesiarstatistics.Hereonestartswith asetof initial probabilitiesp = (p1, ..., pm)
for aneventto befoundin eachbin. In the absencef furtherinformationonecantake p; = 1/M for
binsof equalsize.Initial estimatorgor p are

o = Mot PO , (25)

wherenyo, = Y; n; is thetotal obsered numberof entries. Theseestimatorsareupdatedusingtherule

1 Y 1 Y Riipi
i; = — Y P(truevaluein bin i| foundin bin j)n,;, = — A 26
=Ly | =iy (o )u. o

j=1
HereBayes’theoremhasbeenusedto write the conditionalprobability thatthe eventoriginatedin bin ¢
giventhatit wasobseredin bin j in termsof theresponsenatrix R andthe prior probabilitiesp.

The updatedestimatorscanthenbe comparedo thoseof the previous iterationby, for example,
usinga x? test.If thex? is toolarge, the procedurecanbeiteratedwith the new prior probabilitiestaken
asthesolutionatthepreviousstep,i.e.,p = f1/u0t- IN practicethisis foundto convergeto areasonable
solutionin severaliterations.

Onemustnot of coursesimply iterateuntil the solutionlooksright andthenstop. The numberof
iterationsshouldbe decideduponbeforelooking at the actualdata,for exampleby usingMonte Carlo
testdata.Continuingto iteratebringsincreasinglylarge variancegndthe estimatorgventuallyapproach
the oscillatingsolutionfrom matrix inversion.

As the procedureusesBayes’ theoremin an intermediatestepit hasbeencalled a ‘Bayesian
method’. This shouldimply, howvever, thatthe estimatorssummarizen someway a joint posteriorpdf
for u, and onewould needto specify a joint prior for u aswell. Thatis, in Bayesianstatisticsone
relateshejoint posteriompdf for p giventhedatan, p(u|n), to thelikelihood(probabilityof n giventhe
hypothesigu) andthe prior probability 7(u):

p(pn) o< L(n|p)m(p) . (27)
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Bayesianestimatorscould be definedas, for example,the modeof p(u|n). Thisis not the casein the
iteratve method.The p above areinitial probabilitiesfor aneventto bein eachbin, i.e., they areinitial
guesse$or p/ o1 ; they do notrepresené probabilitydensityin p-space As the Bayesiaraspecof the
proceduras confinedto particularstep,theterm‘iterative method’is moreappropriate.

8 SOME EXAMPLES

Figure4 shavs theresultof unfoldingthetestdistribution consideregreviously in Section4. Theleft-

handplotsshav thetruedistribution asa solid histogramandtheestimatoraspointswith errorbars.The
right-handplots shawv the estimatedcbiasesfrom equation(19); notetheseare not simply the residuals.
In (a) theregularizationparametewasdeterminedy finding the minimum meansquarecderror, andin

(b) the criterion x2 = M wasused.Note thatin (a) someof the biasesaresignificantly differentfrom

zero,whereasn (b) they areon averagewithin onestandardieviation of zeroby construction.
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Fig. 4: Unfoldeddistributionsusing Tikhonor regularizationshavn as pointswith the true distribution shavn asa histogram
(left) andthe estimatedbiases(right). The regularizationparameterr wasdeterminedn (a) by the minimum meansquared
error, andin (b) usingy? = M (seetext).

A particularfeatureof Tikhonov regularizationis thatthe solutionis not forcedto be positve. In
factin this exampletheright-mostbin hasa negative estimate With theregularizationfunctionis based
on entroyy, however, the solutionis forcedto be positive. This canbe seenin the correspondingetof
plotsin Fig. 5.

Unfolding hasbeenwidely usedin high enegy physicsfor structurefunctions,sincethereone
usuallywantsto combineresultsfrom differentexperimentsandlater to usethe structurefunctionsto
predictothercrosssections.Oneoften performsmary checkswith Monte Carlotestdatain orderto in-
vestigatehow theestimatorgrom differentmethodswill differandhow they dependntheregularization
parameter

As anexample,Figure6(a) from the OPAL experimeni14] shawvs a testunfolding of the photon
structurefunction usingthe programsGURU7], RUN[11] andthe iteratve method('BAYES’ ) [13].
Althoughthethreemethodsagreereasonablyvell, the spreadn theresultsis not nggligible. Figure6(b)
shaws the unfoldedresultsfrom the programGURUWorrespondingo threedifferentvaluesof the regu-
larizationparameteflabelledby the effective parameteNDR. Highervaluesof NDFcorresponds$o a
lessregularizedsolutionandthereforeto largervariance ascanbe seenfrom the sizeof theerrorbars.

Much work on unfolding hastaken placein otherfields,whereit is usuallycalleddecowolution.
Examplesof decowolution for imagereconstructiorirom astronomyf12, 15], medicalimaging[16] and
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Fig. 5: Unfolded distributionsusing MaxEnt regularizationshavn as pointswith the true distribution shavn asa histogram
(left) andthe estimatecbiaseqright). The regularizationparameterx wasdeterminedn (a) by the minimum meansquared
error, andin (b) usingx; = M (seetext).

evenfor digital archiving of works of art[17] arein somewaysmathematicallynorechallengingthan
thecorrespondingroblemsn particlephysics sincethenumberof pixelsin animageis in generaimuch
greaterthanthe numberof binsin a one-dimensionadlistribution.

9 CONCLUSIONS

Unfolding is acomplicatedbusinessaandoneis well advisedto askin eachproblemif it canbe avoided.
Thereareneverthelessnary problemsvhereanunfoldeddistributionis neededIn choosingatechnique
onehasto find atrade-of betweerbiasandvariance althoughthereis no clearwinnerfor how the opti-
mum shouldbe achieved. Simplicity is alsoa considerationandin mary applicationsatechniquesuch
asmultiplicative correctionfactorsmay be sufiicient. Decorvolution techniqueshave beendevelopedin
mary fieldsoutsideparticlephysics particularlyin imagereconstructionMy glanceatthoseefforts has
only beensufiicientto corvince methatwe canlearna greatdealfrom them.
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Fig. 6: Unfolding testsfrom OPAL’s measurementf the photonstructurefunction[14]. (a) Theresultsof differentunfolding
programs(b) Theresultsusingdifferentvaluesfor theregularizationparameter
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